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The optimal startup policy of a jacketed tubular reactor, in which a first-order, reversible, 
exothermic reaction takes place, is presented. A distributed maximum principle is presented for 
determining weak necessary conditions for optimality of a diffusional distributed parameter 
system. A numerical technique i s  developed for practical implementation of the distributed 
maximum principle. This involves the sequential solution of the state and adjoint equations, 
in conjunction with a functional gradient technique for iteratively improving the control 
function. 

This paper presents an optimal policy for startup of a 
jacketed tubular reactor in which a first-order, reversible, 
exothermic reaction is taking place. The optimal control 
policy is determined by using a distributed maximum 
principle. The control or decision variable is the wall tem- 
perature of the reactor, which is manipulated to minimize 
a given performance index. Computational results are ob- 
tained for a case with and without a constraint on the 
maximum reaction temperature. 

The mathematical model for the jacketed tubular reac- 
tor is a continuous distributed parameter flow system, 
which gives rise to a set of coupled nonlinear, one-dimen- 
sional, second-order, parabolic partial differential equa- 
tions. A distributed maximum principle used by previous 
workers, for example Denn et a1 ( I ) ,  is extended to a 
general system of nonlinear diffusion equations, with two- 
point boundary conditions consisting of linear relationships 
between the dependent variables and their axial gradients. 
A set of necessary conditions for optimality is obtained for 
a fairly general performance index. 

In general, equations of the type treated cannot be 
solved by analytic methods and even numerical techniques 
for coupled, highly nonlinear, axial diffusion equations are 
not generally available. Therefore an iterative computa- 
tional technique involving a gradient in functional space 
is presented, which enables the numerical implementation 
of the distributed maximum principle. It is shown that the 
technique is capable of accommodating inequality con- 
straints on state variables by the addition of an appropriate 
penalty function to the performance index. 

A DISTRIBUTED MAXIMUM PRINCIPLE 

A distributed maximum principle is presented for deter- 
mining weak necessary conditions for optimality for a class 
of distributed systems. Due to the complexity of partial 
differential equations, a completely general maximum 
principle, as exists for lumped-parameter systems (2, 3 ) ,  
has not been found. However, sufficient generality has been 
retained that the results apply to a wide variety of systems 
of interest in process control. 
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System Description 

Attention will be focused on systems which may be de- 
scribed by a general nonlinear vector partial differential 
equation of the form 

U t ( X ,  t )  = f{u(x,t) ,  U z w ) ,  u z z ( ~ , t ) ,  w),  x, ti 
(1) 

where u is an s-dimensional state vector defined on a nor- 
malized one-dimensional spatial domain x from x = 0 to 
x = 1 and over a fixed time interval t = 0 to t = tj. The 
control vector 8 is considered to be a function of time 
only and is r-dimensional. An independent variable ap- 
pearing as a subscript denotes partial differentiation with 
respect to that variable. 

Equation (1) i? augmented by the following set of initial 
and boundary conditions : 

& ( u ) = O  at t = 0 ,  i = l ,  ..., s (2) 

+ m ( u , ~ x )  = O  at x = O ,  m = l ,  ..., p (3) 

+ n ( ~ , ~ z )  = O at x = 1, n =  1,. . ., q = 2s - p (4) 

It is desired to determine the control function 8 which 
yields a minimum for the following generalized objective 
functional: 

e ( t )  x,t>dx dt ( 5 )  

In order to obtain necessary conditions for optimality, 
it is required to find a relationship which expresses varia- 
tions of the objective functional FS in terms of control per- 
turbations 88. 

Adjoining the- variational system equation of Equation 
(1) as an equality constraint with the variational objective 
functional of Equation ( 5 )  yields 

FS = F,T Fu dx]t=tf 
1 

- zT [Fut - f, Su - f,, Su, - f,,, Fuzz - f e  S Q ] }  dx d t  
(6) 

where z(x, t )  is an s-dimensional adjoint vector. After 
some manipulation, the following result is obtained: 
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so1 H dx 

+ a 0  f t r  K {[GoT + zT fe] 68 + [ztT + zT f, 

- ( z T  fu,), + (zT fuzz),, + GUT] 6 ~ )  dx dt 
tr  

+ s, “zT f,, - ( zT  fU,,)Zl 

+ zT fuzz 8u,I1Z=o dr (7) 
In order to eliminate terms not depending explicitly on 

88 from the second integrand of Equation ( 7 ) ,  it is stipu- 
lated that each component of the adjoint vector z satisfy 
the following partial differential equation: 

= - zT f q  + ( z T  fui,), - ( zT  fui,.),, - G,, 

i = l ,  ..., s (8) 

The boundary conditions for Equation (8) are specified 
such that 

[ [ZT f,, - (zT f,,,),] 6u + ZT f,,, SU,11,=0 = 0 (9.) 

This is accomplished by choosing the adjoint boundary 
conditions such that the coefficients of the unknown end- 
point variations 6u and 6u, vanish. 

At this point, the system boundary conditions, Equations 
(3 )  and ( 4 ) ,  are assumed to be linear and have the more 
explicit form 

+i(u, u,) = 0 = uiz + ui + bi at x = 0, i = 1 , .  . ., s 
(10) 

+i(u, u,) = 0 = ui, + ci ui + di at x = 1, i = 1 , .  . ., s 
(11) 

To set the coefficients of the 6ui equal to zero in Equa- 
tion ( 7 ) ,  the adjoint variables zi are required to satisfy 
the following 2s conditions at x = 0 and x = 1: 

ZT f % . - (ZT fUizz) , - ai ZT fui,, = 0 

ZT fui, - (ZT fui,,), - ci ZT fui,, = 0 

at x = 0, i = 1 , .  . ., s (12) 

a t x = l ,  i = l ,  ..., s (13) 

The specification of the adjoint vector is completed by 
stipulating the transversality conditions 

zi = FUi at t = tf ,  i = 1, .  . ., s (14) 
This causes the first integral in Equation (7) to vanish, and 
it follows that 6s can now be expressed explicitly in terms 
of the control perturbation 68: 

6s = f [GoT + zT fe] 68 dx dt (15) 

6s = [‘ s,’ HeT 68 dx dt 

It follows by reasoning similar to that of Katz ( 4 ) ,  who 
achieved a similar result for a more general and abstract 
class of problems, that the best choice of control action 8 
which minimizes the objective functional S is that which 
makes 

stationary over the interval 0 f t 4 tf  with respect to 
components of 8 lying interior to the admissible control 
region and a minimum for those lying on the boundary. 
For control components interior to the region, this means 

Essentially this is an infinite dimensional or functional 
equivalent of Pontryagin’s maximum principle (2 ,  3 )  for 
finite dimensional (lumped) systems. 

OPTIMAL STARTUP CONTROL OF A 
JACKETED TUBULAR REACTOR CONSTRAINT ON 
M A X I M U M  REACTION TEMPERATURE 

The distributed maximum principle discussed in the pre- 
ceding section will be applied to control of a tubular, con- 
tinous flow chemical reactor in which an exotherm reaction 
is taking place. It is assumed that the reaction is first order 
and reversible (A Ft B ) .  Since the reaction rate is tem- 
perature dependent, it follows that the yield can be con- 
trolled by varying the reaction temperature. In this exam- 
ple, the reaction temperature and thus yield are controlled 
by manipulation of the reactor wall temperature. 

The mathematical model for the system is based upon 
the following assumptions: 

1. System parameters are uniform and constant with 
respect to time. 

2. Wall temperature is a function of time only. 
3. Axial heat and mass dispersion and mixing are sig- 

4. Concentration, temperature, and velocity of the 

A mass balance taken over a differential element along 

nificant inside the reactor. 

stream are constant with respect to radial distance. 

the reactor yields for component A: 

where, for the case of a first-order, reversible A F’, B reac- 
tion the rate of production of A, RA, is given by the Ar- 
rhenius expression 

RA = - [klCA - kzC~] 
= - [klo exp ( -  EI/RT)cA - kz0 exp ( - Ez/RT)cB] 

A heat balance on the differential section of the reactor 
yields 

It is assumed that the manner of mixing is such that the 
effective mass and thermal diffusivities are equal, that is 

The boundary conditions for this problem are those first 
suggested by Danckwerts (9) : 
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at I =  L (23) 

a T ( O , T )  v 
= - [T(O, r )  - T f ]  at 1 = 0 (24) 

a1 D 

at 1 =  L (25) 

These boundary conditions are based on the consideration 
that mass and energy are neither created nor destroyed in 
the infinitesimal region 1 = 0- to I = 0 + . 

In dimensionless form, the system equations become 

(27) 

where 

~ = k l 0 e x p ( - P ~ / u ~ ) u l - k ~ 0 e x p ( - P 2 / ~ 2 ) ( 1  - u1) 

The dimensionless boundary conditions are 

au'(o' t ,  = /3[ul(0, t )  - ul f ]  at x = 0 (28) 
at 

at x =  1 (29) 

at x =  1 (31) 

The following numerical values are assumed: 

,6 = 5, rr = 0.05 hr., Q = -200, K = 30 hr.-l 

klo = 2.51 x 105 hr.-l, kPo = 1.995 x lo7 hr.-l 
P 1  = 5.03, Pz = 10.06, Tr = 1,00O0R., 
ulf = 0.9, ~2~ = 0.6 

Initially the concentration and temperature profiles are as- 
sumed to be constant throughout the length of the reactor 
and at the values of the inlet conditions, that is 

u1 (x, 0) = U l f  at t = O  (32) 

u z ( x ,  0) = U2f  at t = O  (33) 
It is presupposed that a steady state operating point has 

been determined which is optimal with respect to some 
performance criterion (for example, maximum yield). The 
startup policy, in turn, is to be determined such that by 
controlling the addition or removal of heat, the process is 
driven from the initial state toward the final steady state 
in some optimal fashion. I t  is desired to minimize the 
spatial integral of the weighted sum of the squared con- 
centration and temperature deviation from the desired 
steady state profiles, u l d ( x )  and U Z d ( X ) ,  integrated over a 
transient startup period of fixed length. The performance 
functional may thus be written as 

+ . [ u z ( x ,  t )  - U Z d ( X ) 1 2 >  dx dt (34) 

where p and Y are suitably chosen constant weighting co- 
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efficients. The manipulated variable is the dimensionless 
wall temperature 6, which is considered to be a function 
of time only and lies within the range 

6min e ( t )  =G @ma, (35) 
The Hamiltonian, as defined by Equation (16), is 

= p c U l ( x ,  t ,  - U l d ( x ) ] '  + .[uP(x, t )  - u 2 d ( X ) l P  
1 

B 
+ z1 [ -%zs - U l z  - r d ( u 1 ,  U P )  ] 
1 + ~2 [ a%zT - ~2~ - Q r d ( u 1 , u 2 )  - Krr(% - 8) ] 

(36) 
\.vith reference to Equation (8), the adjoint partial dif- 

ferential equations corresponding to Equations (26) and 
(27) ,  respectively, are 

1 

B 

1 

B 

Z l t  = - - Z l z z  - z12 + T d U l ( U 1 ,  u d z 1  

+ Q T d w ( U 1 ,  U P ) ~ P  - 2p[U1(x, t )  - U l d ( X ) ]  (37) 

" -  
*zt - - -%z - 2 2 s  + T d u z ( u 1 ,  U P ) ~ ]  

4- [ Q r + h 2 ( ~ i ,  U z )  + K ] ~ P  - ~ ~ [ U Z ( X ,  t )  - U P d ( x ) ]  

(38) 
where 

a4 1 

a u 2  u 2 2  
hZ = - = - CPlk10 exp( -Pl/uz)ul 

- Pzkzoexp(-P2/u2) (1  - u1)l (40) 
Since the boundary conditions given by Equations (28) 

through (31) correspond to the general forms, Equations 
(10) and (11), the adjoint boundary conditions corre- 
spond to Equations ( 12) and (13), respectively. Thus 

Z L 5 ( 0 , t )  = 0 at x = O , i = 1 , 2  (41) 

zix(l ,  t )  + p l z i (  1, t )  = 0 at x = 1, i = 1, 2 (42) 

The final conditions on the adjoint variables correspond- 
ing to Equation (14) are 

Z i ( X ,  t,) = 0 at t = t j ,  i = 1 ,2  (43) 

The solution of Equations (26) and (27) forward in 
time from t = 0 to t = t j  is accomplished by the use of 
quasiiinearization (1 0, 11 ) together with an implicit dif- 
ference scheme. The details of the computational method 
are presented in reference 12. 

To apply the quasilinearization technique, the nonlinear 
terms &(u1, u2) in Equations (26) and (27) are first lin- 
earized by means of a first-order Taylor series expanded 
about the ( k  - iterative solution ~ ( ~ - - l )  as follows: 

1 + t I C )  = + ( k - l )  + q - 1 )  [ U ' k )  - U ( k - 1 )  
1 1 

+ 4 E - 1 )  [ U T )  - u ( k - - l ) ]  (44) 2 

Substitution of Equation (44) into Equations (26) and 
(27) yields the following linearized recurrence relation- 
ship: 



- KT,.[u:) - S] (46) 

The solution of Equations (45) and (46) is greatly 
simplified by “decoupling” the component equations. This 
is done in the ith equation by setting 

- @,. {+(k- l )  + + ( k - l ) ( U ( k )  - u ( k - 1 ) ) )  - KTT [ U ( k )  - 0-j 
u2 2 2 2 

(49) 
This is valid, for as convergence is attained, ~ i ( ~ - - l )  ap- 
proaches The equations are still implicitly coupled 
as + ( k - - l )  contains the solutions u1ck--l) and u Z ( ~ - - ~ ) .  

Equations (48) and (49) are most conveniently solved 
by finite-diff erence methods. The implicit scheme due to 
Crank and Nicolson (13) is considered here. 

In applying the Crank-Nicolson method the spatial axis 
is discretized into M increments of equal length Ax so that 
AX is 1/M. Time discretization is effected by solving the 
difference equations at equal time increments At. The 
solution u ( m ,  n )  denotes the value of the dependent vari- 
able at the spatial location ( m  - 1)Ax and at time 

The partial time derivatives are approximated by taking 
forward differences between the ( n  - l ) t n  and nth time 
steps, that is 

(50) 

( n  - 1)At. 

1 
ut EJ - [u(m, n)  - u(m, n - l ) ]  

At 

For spatial discretization, implicit difference operators are 
constructed for the first and second spatial partial deriva- 
tives by taking central differences, averaged over the 
( n  - 1) th and nth time steps, that is 

uzz ?=d - [ u ( m  + 1, n )  - 2u(m, n)  + u ( m  - 1, n)  
M2 

2 + u ( m  + 1, n - 1 )  - 2u(m, n - 1 )  + u ( m  - 1,n - l ) ]  (51) 

M 
4 

11, ?=d - [ u ( m  + 1, n )  - u(m - 1, n )  

+ u ( m  + 1, n - 1 )  - u ( m  - 1, n - l ) ]  (52) 

The above difference operators have a discretization error 
on the order of  AX)^. The dependent variable u is also 
averaged over the ( n  - 1 )  th and nth time steps: 

1 
2 

u - -  Cu(m, n )  + u(m, n - 111 (53 )  

The difference approximations for the first derivative 
terms occurring in the boundary conditions at x = 0 and 
x = 1 are taken to be three-point forward and backward 
differences, respectively: 

M 
2 

M 
2 

u.rl,=o -- [ - - ~ ( 3 ,  n )  + 4 ~ ( 2 ,  n) - 3 ~ ( l ,  n)]  

(54) 

[ 3 u ( M  + 1, n)  

- 4u(M, n )  + u ( M  - 1, n ) ]  (55) 
Substitution of the above difference operators into the re- 
currence relations, Equations (48) and (49),  and the 
boundary conditions, gives rise to the set of linearized dif- 
ference equations for the kth iteration: 

A1 ] Ul‘k’(3, n)  
213 + 3M 

+ [cl- 
= - 

- C1 u1(3, n - 1 )  - El(k-1)(2, n)  - 

u l ( i ,  n - i) - o1(rc-1)(2, n )  ~ ~ ( 2 ,  n - 1 )  

A1 
2Bu1f 

ZB + 3M 
Al ul(k)(m - 1, n )  + Bl (k - l ) (m,  n )  ~ ~ ( ~ ) ( m ,  n )  

+ C1 u l ( k ) ( m  + 1, n )  = - A1 u l ( m  - 1, n - 1 )  
- D 1 ‘ k - l )  (m, n)  u1 (m, n - 1) 

- C1 u l ( m  + 1, n - 1 )  - El (k - l ) (m,  n )  
m = 3 ,  ..., M - 1  

A1 - - C1 ~ 1 ( ’ ) (  M - 1, n )  

4 

3 

I 3  l l  

+ [ Bl(k-l)(M, n )  + - Cl ] ulCk)(M, n )  

= - A1 ul(M - 1, n - 1) - D1Ck-”(M, n)  
t t l ( M ,  n - 1) - C1 ul(M + 1, n - 1) 

- E l ‘ k - ” (  M ,  a) 
(: 

~ , .  . ~ 

= - A2 u2( 1, n - 1 )  - D2(k-1)(2, n) u2(2 ,  n - 1 )  

Az uZ(k)  ( m  - 1, n )  + B2ck--l) ( T, n )  u2ck) (m, n )  + C2 ~ 2 ( ~ ) ( m  + 1, n )  = - A2 u2(m - 1, n - 1) 
- D2(k--l) (m, n)  u2 (m, n - 1 )  

- C2 u2(m + 1, n - 1 )  - E2(k-1)(m, n)  
m = 3 ,  ..., M - 1  

1 [ A2 - C2] U Z ( ~ ) ( M  - 1, n )  

4 + [ B2(k-1)(M,  n )  + Cz ] U ~ ( ~ ) ( M ,  n )  

= - A2 212 ( M  - 1,n - 1 )  - Dz(~-’ )  (M, n)  

- E2Ck--l) ( M ,  n)  
u2(M, n - 1 )  - C2 u2(M + 1, n - 1 )  

( 5  

where 

1 
B2(k--l) (m, n)  = - - Q 7,. + u z ( k - l )  (m, n )  

2 
1 M2 1 

- - f< 7,. - - - - 
2 B At 
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1 
3 

- - Ul(k)(M - 1, n)  (59) 

4 

3 
~ 2 ‘ ~ )  (M + 1, n )  = - ~ 2 ‘ ~ )  (M, n)  

1 
3 

- - u z ( ~ ) ( M  - 1, n)  (61) 

Similarly the backward solution of Equations (37) and 
(38) from t = t f  to t = 0 is accomplished by solving the 
following sets of implicit difference equations from n = N 
to 1) = 1: 

, ,  

C3 ] z ~ ( ~ ) ( M  - 1, n )  

4M 

28+ 3M 

2B + 3M 
[A3 - 

C3 ] z1(IC) (M, n)  

1 + [ C4 - 7 A4 ] z z C k )  (3 ,  n )  

m = 3 ,  ..., M - 1  

C4 ] z z C k )  (M - 1, n) 
[ A 4 - 2 ~ + 3 M  

where 
M2 M 
2B 4 

A3 = A4 = - - - 
(63) 

1 

4M 
2B+ 3M 

z ~ ( ~ ) ( M  + 1 , n )  = ~ 1 ‘ ~ )  (M, n )  

M 
28 + 3M 

- z ~ ( ~ ) ( M  - 1, n) (65) 

4M 
28 + 3M 

Z Z ( ~ ) ( M  + 1, n)  = ~ 2 ‘ ~ )  (M, n)  
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~ 2 ” )  (M - 1, n) (67) 
M 

2B + 3 M  
- 

In order to minimize the objective functional S. with re- 
spect to e ( t ) ,  a functional gradient technique (I, 5 to 7) 
similar to that of Bryson and Denham (8) for lumped sys- 
tems is used. From Equation (17) the maximum rate of 
decrease of S with respect to e ( t )  is in the direction Hg. 
Using the Hamiltonian defined in Equation (36),  one gets 
the resulting change in control M ( t )  (12) 

(68) 

where (Y can be considered as a perturbation coefficient 
representing step length. Using Simpson’s integration 
scheme, one can use values of z2( m, n), m = 1, . . ., M + 
1, n = 1, . , ., N + 1, obtained by backward solution of 
the adjoint equations, in Equation (68) to compute sO(n), 
n = 1, . , ., N .  The new control function O(n) n = 1, . . ., 
N is then found from the relation 

e ( 4  lnew = 0) lold + s o b )  (69) 

The computational scheme for obtaining the optimal 
control policy via the necessary conditions of the dis- 
tributed maximum principle and the functional gradient 
technique can now be summarized as follows: 

1. An initial control policy 6 ( t )  is assumed. 
2. Using the assumed policy in the system equations, 

we solve these forward in time from t = 0 to t = t f  and 
retain the transient solutions. 

3. The performance functional S is evaluated using the 
values of the state variables computed in step 2. 

4. Using final values of the state variables to compute 

Solve system PDE’s for- 
word In time, ohtalning u(rn,n) 
m = I : - . ~ + t .  n=l:... N+ I 

Compute improved control functior 
0 (n),n=l,...,N . using functional 
grodient technique. 

Fig. 1. Flow diagram for optimal control using the distributed 
maximum principle. 
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Fig. 2. Optimal startup control policy for tubuiar reactor using 
distributed maximum principle. 

the final conditions on the adjoint variables and inserting 
computed values of the state variables where required in 
the adjoint equations, we solve these backward in time 
from t = tf  to t = 0 and retain the transient solutions. 

5. An improved control policy is calculated using the 
gradient technique with values of the adjoint variables 
computed in step 4. 

6. Steps 2 through 5 are repeated iteratively until the 
objective functional converges to within a specified tol- 
erance. 

A flow diagram for the method is shown in Figure 1. 
Computation was performed using a time increment of 

0.02 residence time and a spatial increment of 0.05 dimen- 
sionless distance unit. The limits on the control were as- 
sumed to be &,,, = 0.670 and Omin = 0.530 dimensionless 
temperature unit. The performance index S was evaluated 
using a terminal time of one residence time and the weight- 
ing coefficients p and v were each taken to be unity. The 
desired steady state profiles U l d ( x )  and % d ( X )  were chosen 
to correspond to a control value of 0 = 0.6 dimensionless 
temperature unit. 

With regard to the selection of the initial approximation, 
it should be noted that the steady state value of the control 
must be known and used in the initial assumed trajectory 
at the terminal time tf. This is because the algorithm is 
incapable of shifting the control at terminal time, as seen 
from Equation (68) and the transversality conditions, 
Equation (43).  Thus for convenience the initial control 
trajectory approximation was taken to be e ( t )  = 0.6 di- 
mensionless temperature unit, the steady state value. 

Figure 2 shows the optimal control trajectory obtained 
after 30 iterations, using a perturbation coefficient of (Y = 
0.1. This value, determined by trial and error, provided a 
reasonable rate of convergence of the performance index 
to a minimum without oscillations. The policy is seen to 
approach a bang-bang trajectory with maximum wall tem- 
perature applied to the system initially. At about 0.20 resi- 
dence time a switch to minimum wall temperature occurs, 
followed by a singular approach to the steady state value 
starting at about 0.44 residence time. 

The resulting transient concentration and temperature 
profiles, u1 ( x ,  t )  and u, ( x ,  t )  , obtained using the optimal 
startup policy, are shown in Figures 3 and 4, respectively, 
with time as a parameter. Shown in dashed lines for com- 
parison are the transient profiles resulting from using 
steady state control. The value of the performance index 
obtained for the optimally controlled case was 0.046557 
compared to 0.050435 with steady state control. 
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Since the optimal control policy so closely resembled 
bang-bang control, a purely bang-bang policy was con- 
sidered. This consisted of starting with maximum effort, 
switching to minimum effort, and finally switching to the 
steady state control level. These two switch points were 
approximated from the optimal trajectory to be 0.20 and 
0.50 residence times, respectively. The state equations 
were solved using the bang-bang policy, and the perform- 
ance index Equation (34) was computed, yielding a value 
of 0.046555. Thus the performance index remained essen- 
tially unchanged using the bang-bang approximation and, 
because of its simplicity to implement, a bang-bang policy 
would probably be preferred for this application. 

Constraint on Max imum Reaction Temperature 

Suppose it is desired to determine the optimal startup 
control trajectory which minimizes the performance cri- 
terion Equation (34), while at the same time holding the 
maximum reaction temperature at or below a specified 
upper limit. This inequality constraint can be written as 

u2 ( x, t ) - u2max A 0 (70) 
The constraint is introduced into the performance index 

as a penalty by means of a weighting coefficient c as fol- 
lows: 

A 
where h [ u ~ ( x ,  t )  - uZmax] is the Heavyside unit step 
function. Thus a penalty is not invoked until a constraint 
is violated. The weighting coefficient u is increased itera- 
tively, stopping the iteration when the maximum tempera- 
ture has converged to within a specified tolerance of the 
constraint boundary. 
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3. Transient concentrotion profiles for tubular reactor startup. 

u2 

'720[ _=_ With optlrnal control 
With steady state control 
/ .3 .710 

.6C 

.640 ,630 I/"' Parameter: t 

, 6 2 0 r V  ----- - -- - 

.610 

.600 0 
1' 

0 * I  02 .3  , 4  .5 -6 .7 ,8 .9 I,O 

X 

Fig. 4. Transient temperature profiles for tubular reactor startup. 

State variable constraints such as this require a cor- 
responding modification of the adjoint equations, since an 
additional term involving a state variable is introduced into 
the performance index. Thus the adjoint equations, Equa- 
tions (37) and (38), become 

1 

B 
= - - Z l z z  - 21% + Tr'#rl('-h, %)z1 

+ Q T ~ ~ ~ ~ ( ~ I , U Z ) Z Z  - ~P[UI(X, t )  - uld(x)] (72) 
1 

B 
Z2t = - - 2 2 % ~  - 3% f Tr'#q(Ul ,  %)zl 

+ 1Q.r 4 u 2 ( ~ 1 ,  ~ 2 )  + K ~ r I z 2  - 2 ~ [ ~ 2 ( x ,  t )  - U Z ~ ( X ) I  
A 

- 20 CUZ(X> t )  - ~ 2 m a x I  h [ u z ( ~ ,  t )  - ~ 2 m a x I  (73) 
Figure 5 shows the optimal control policy for the case 

of an upper constraint on maximum reaction temperature, 
uZmax = 0.700 dimensionless temperature unit. The switch 
point from maximum to minimum wall temperature occurs 
earlier than for the case of an unconstrained state, thus 
reducing the amount of temperature overshoot. The fsl- 
lowing table lists the penalty weights u and the correspond- 
ing maximum temperatures that resulted after each ascent: 

Maximum 

temperature 
U reaction 

(Unconstrained) 0.7165 
1 0.7147 
10 0.7093 
102 0.7048 
103 0.7014 
104 0.7005 

The iteration was stopped for u = lo* as the resulting 
maximum temperature was considered in close enough 
proximity to the constraint boundary. Each time the value 
of r was increased, it was found necessary to adjust the 
perturbation coefficient a downward in order to prevent 
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NOTATION 

ci 
C, 
D, = mass diffusivity, sq.ft./hr. 
Ei 
la 
keff 

k, = rate constant, hr.-1 
kio = frequency factor, hr.-I 
2 = axial distance, ft. 
L = length of reactor, ft. 
r = radius of reactor, ft. 
R = gas constant, B.t.u./(lb.-mole) (OR.) 

T = reaction temperature, O R .  
T ,  = reference temperature, O R .  

T ,  = wall temperature, O R .  
v = velocity of flow, ft./hr. 
AH = heat of reaction, B.t.u./lb.-mole 
p = density, lb./cu.ft, 
T = time, hr. 

Parameters 

T+ 

p 
t 
x 
u1 

u2 
0 

Other Parameters 

= concentration of ith component, 1b.-mole/cu.ft. 
= specific heat, B.t.u./(lb.) (OR.) 

= activation energy of ith component, B.t.u./lb.-mole 
= film coefficient, B.t.u./(sq.ft.) (OR.) (hr.) 
= effective thermal conductivity, B.t.u./ (ft.) (OR.) 

(hr.) 

= L / v  hr. = mean residence time 
= v L / D  = axial Peclet number 
= T / T ,  = dimensionless time 
= Z/L = dimensionless axial distance 
= Ca/(Ca + C B )  = dimensionless concentration of 

= T / T ,  = dimensionless reaction temperature 
= T, /T ,  = dimensionless wall temperature 

A 

( C A  + CB) Q =  

,640- 

.620 

e 
,600 

,600 

,660/; 

- 

- 

0 ,I .2  .3 .4 .5 & .7 .8 .9 ID 

t 

Fig. 5. Optimal startup control policy for tubular reactor using 
distributed maximum principle (with constraint on maximum reac- 

tion temperature; = 0.700). 
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Fig. 6. Exit temperature trajectories for tubular reactor during 
startup. 

oscillations and instability of the performance index. 
Exit temperature trajectories for optimal control, with 

and without a state variable constraint, and for steady state 
control, are shown in Figure 6. 

CONCLUSIONS 

An optimal startup policy of a jacketed tubular reactor 
in which a first-order, reversible, exothermic reaction takes 
place is determined. A distributed maximum principle is 
presented for determining weak necessary conditions for 
optimality of diffusional distributed parameter systems. 

Optimization of the two-point boundary value system of 
second-order, nonlinear, parabolic partial differential equa- 
tions presents a formidable computational problem. An ap- 
proximate numerical method which is iterative in nature, 
involving repeated numerical integration of the perform- 
ance and adjoint equations, combined with the use of a 
functional gradient technique to improve the control vec- 
tor, is introduced to overcome computational difficulties. 
A convenient method for handling inequality constraints 
involving state variables is also presented. 
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